We present an on-shell superspace formulation of ten-dimensional N = 1 supergravity coupled to N = 1 super Yang-Mills theory. The coupling is completely specified in superspace by the Bianchi dH = crtrF2, where H is the gauge-invariant S-form field strength of supergravity and F is the 2-form super Yang-Mills field strength. We also briefly discuss the theory that results from modifying this Bianchi by the addition of a piece proportional to the square of the super curvature 2-form.
INTRODUCTION
A striking feature of ten-dimensional N = 1 supergravity coupled to N = 1 super Yang-Mills (SYM) theory [l] is that the gauge invariance of the lagrangian requires that the antisymmetric potential Bmn(z) transform anomalously under gauge transformations.
The demonstration, by Green shown to be absent if the modified superspace Bianchi for H, (l.l) , is used instead of the pure supergravity Bianchi dH = 0. Since the torsion constraints of supergravity together with the Bianchi (1.1) ensure the existence of the K-symmetry, one might, in analogy with the pure supergravity case, then suspect that the resulting background system describes the fully coupled SYM-supergravity theory in superspace. The purpose of this paper is to show that this is indeed the case.
The organization of this paper is as follows. Sec. 2 is devoted to establishing our notation and discussing some technical preliminaries. The latter are essentially a paraphrashing of ref.
[II] and are included here only for completeness.
In Sec. 3 we motivate and discuss the coupling of SYM to supergravity from another point of view. In Sec. 4 solutions of the Bianchis of the coupled system are exhibited and some of their more interesting features are discussed. The detailed derivation of these solutions is relegated to the appendices. We conclude in Sec.
5 with a brief discussion of the theory resulting from modifying (1.1) by adding a piece proportional to the square of the supercurvature a-form.
TECHNICAL PRELIMINARIES
We consider a curved superspace with points parametrized, in local coordi- Vectors transform under the tangent space group as follows :
We choose the tangent space group to be SO(1,9) with ordinary (bosonic) vectors transforming as the 10 and spinors as the 16 or l% depending on their chirality .
This implies that the Lie algebra-valued matrices LAG must satisfy L"=O=LQ a a 9
L,P = ;La*(rab)&c (24
We work with a bimodular representation of the ten-dimensional 7-matrices.
Thus there are two sets of (symmetric) 16 x 16 7-matrices, l?$ and lYaap . The fermionic indices cannot be raised or lowered and an upper fermionic index can only be contracted with a lower one. The Dirac algebra is I'~$?P7 + I'$lYaPr = 2,pb&r . pbc.. is used to denote a totally antisymmetric product of 7-matrices, normalized to unit weight.
The covariant exterior derivative, D = dZ"DM = eADA may be defined by its action on vector-valued p-forms : As a result of our choice for the tangent space group RAN satisfies Raa = 0 = Raa, Rap = iRab(rab)ap. (2.12) Similar conditions are also satisfied by WAB.
In the presence of SYM fields one also needs to consider the field stength F which can be written as the Lie algebra-valued (in the gauge group) 2-form :
IBA F= 2e e FAB, (2.13) where we have suppressed the gauge indices. It is defined in terms of the l-form potential A = dZ"AM = eBAB as F=dA+A2 (2.14) All the 'field strengths' introduced above satisfy Bianchis by virtue of their definition in terms of 'potentials'. These can be obtained from (2.8), (2.9) and (2.14) by using d2 = 0 and are 
COUPLING OF SYM TO SUPERGRAVITY
A basic feature of the superspace formulation of a supersymmetric theory is that the number of ordinary (i.e., X-space ) fields is usually far greater than the number of dynamical fields required to describe the theory. This makes it necessary to impose constraints on some of the superfields to eliminate redundant X-space fields. For pure supergravity these constraints are usually imposed on components of the torsion tensor TAB'. In view of Dragon's result [12] , this is a natural thing to do, since the supercurvature can be related to the supertorsion and its covaiant derivatives through the T-Bianchis (2.18). In the presence of SYM fields one has, in addition, to constrain the field strength FAB. Once constraints are imposed the Bianchis are no longer identically satisfied. In fact, for an appropriate set of constraints they determine all the unconstrained superfields in terms of the dynamical fields. They also provide equations of motion for these fields.
The superspace formulation of ten-dimensional N=l supergravity along these lines was first presented by Nilsson [13] . In his formulation the 0 = 0 components of the torsion and curvature tensors contain all but the antisymmetric tensor degree of freedom. In order to accomodate this degree of freedom at the 0 = 0 level Nilsson introduced a super 2-form B by constructing a closed 3-form H using a suitable set of constraints. Since H is closed it can be written as the exterior derivative of a 2-form, at least locally; it is this 2-form that Nilsson identified with B.
In formulating supergravity coupled to (SYM) we introduce the 2-form B using a natural generalization of Nilsson's procedure. We require that the S-form H satisfy a Bianchi but will not insist on it being closed (it is not necessary for H to be closed to interpret it as the field strength of B). The Bianchi that H now obeys must relate dH to other closed 4-forms in the system. Even though this Bianchi can be reexpressed as dfi = 0 in terms of a new S-form, I?, related to H, this is more general than requiring that H be closed. This is because this
Bianchi is solved using suitable constraints on H not l?. Now, there are only two 4-forms in this system that are naturally closed, namely, trR2 and trF2 (the trace in the first term is over tangent space indices and in the second term over the group indices). So, in general, the Bianchi for H takes the form dH = crtrF2 + c2trR2, (3-l) where cl and cz are apriori arbitrary. Since dtrF2 = dtrR2 = 0 we may write them as
where W3yM is the SYM Chern-Simons S-form
and wg~ is the super Lorentz Chern-Simons 3-form w3L = tr(wR -iw3).
(3.4
P-5)
This implies the following relation between H and B:
Since H is, by definition, gauge and local Lorentz invariant, (3.6) implies that B is no longer so. In fact it transforms as:
where A and s2 are the superfield parameters of gauge and local Lorentz transformations. As mentioned in the introduction, it is precisely this anomalous gauge transformation of B that is required for a consistent coupling of the string to background SYM fields in curved superspace [g] . The superspace a-model discussed in ref. [9] must also have a Lorentz anomaly, as can be seen by expanding the action in powers of 0. We expect that the above anomalous Lorentz transformation property of B will be required to cancel this anomaly.
In most of what follows we shall, however, restrict ourselves to the case with cz = 0, i.e., we will assume that H satisfies the Bianchi (1.1). In the next section we will solve the T, F and H-Bianchis using an appropriate set of torsion constraints. The resulting equations of motion and supersymmetry transformation laws describe coupled SYM-supergravity theory.
It is important to realize that (1.1) introduces an arbitrary parameter in the We end this section by giving the H-Bianchi, (l.l), in component form:
(34
SOLUTIONS OF THE BIANCHIS
In this section we discuss the solutions of the T, F and H-Bianchis. These
Bianchis are solved using the following set of constraints on the torsion tensor:
where the superfield $*p and the components TabC and Taba are unconstrained.
This set is due to Witteni4]; although not identical to that used by Nilsson [13] , the two sets can be shown to be equivalent. We use this set since we find it simpler to work with. We also use the following constraints on the superfields HABC and FAB:
Since the algebra is rather involved, a detailed derivation of the solutions is relegated to the appendices. Here we present the solutions and discuss some of their more interesting features.
T-Bianchis
Using (4.1) and (2.18) one obtains a number of equations for the unconstrained components of torsion and curvature . These have been listed in Appendix A, eqns. (Al) -(A7). A n immediate consequence of these equations is that the superfield Tabc 3 Tabdqdc, which is apriori antisymmetric in its first two indices only, is actually totally antisymmetric. This result is interesting because it makes Tabc have symmetry properties identical to those of Habc. In fact, as we will see when we discuss the solutions of the H-Bianchis, these two superfields are simply related.
There are a number of additional results that can be obtained from ( where we have used the notation T2 G TabcTabc, Tib E TacdTbCd. Although not evident in (4.13), Rab is actually symmetric, as shown in Appendix C.
In summary, the T-Bianchis enable us to relate all the unconstrained components of the torsion tensor and all the components of the curvature tensor to the single superfield Tabc. They also give us a number of equations which will eventually turn out to be the equations of motion for some of the dynamical fields of the theory. In summary, the F-Bianchis can be completely solved using the results of the T-Bianchis. One obtains in this way the supersymmetry variations of the SYM fields and the equations of motion for them.
So far the scalar and 'spin-k' degrees of freedom of supergravity have not appeared in our discussion. As we shall see below, the solutions of the H-Bianchis contain these missing degrees of freedom. In addition, we will be able to relate
Habc and Tabc, solve for a fermionic derivative on Tabc and obtain an expression for Jaa in terms of the other superfields whose 0 = 0 components are directly related to the dynamical fields of the theory. This will enable us to obtain all the equations of motion and also show that, on-shell, all the superfields can be expressed in terms of the dynamical fields of the SYM-supergravity system.
Using and Habc + ClHabc -( In the 0 + 0 limit, this corresponds to resealing the antisymmetric potential B,,.)
We should mention here that in solving the three sets of Bianchis one comes across a number of consistency conditions. We have checked that they are all satisfied. For example, one might have thought that one could solve for Taba in terms of the other superfields since it is related to a fermionic derivative of Tabc for which an expression has been obtained in (C13). It turns out that this is not the case, as explained in Appendix C. This is as it should be since the 0 = 0 component of Taba involves a dynamical field, the Rarita-Schwinger field.
However, fermionic derivatives of Tab a can be expressed in terms of the other fields. In fact, from the solutions we have obtained it is not difficult to see that this is true of all the superfields. Hence the constraints (4.1) and (4.2) are sufficient to determine the on-shell system completely.
A detailed comparison of this theory with the Chapline-Manton theory [l] entails working out the 0 + 0 limit of the equations of motion and supersymmetry transformations for the various fields and then finding the appropriate field redefinitions. We shall not attempt to do this here but only remark that qualitatively all our equations of motion and transformation laws agree with those of the Chapline-Manton theory, except for the presence of extra terms quartic in x. These terms are necessary for the theory to be supersymmeteric, as was first noted in ref. [17] .
CONCLUDING REMARKS
In the preeceding sections we have discussed the coupling of SYM to supergravity, which was achieved by considering (3.1) with only cl nonzero. However, for reasons mentioned earlier, we expect that a consistent treatment of superstring propagation in curved superspace in the presence of background SYM fields would require H to satisfy the full Bianchi (3.1). It is therefore of interest to extend the previous analysis to this case. Another reason for doing so is that SYM-supergravity theory is known to be anomalous, and, as demonstrated by Green and Schwarz12] , a modification in the definition of the field strength H similar to (3.6), in X-space is required for anomaly cancellation. In this concluding section we will briefly investigate the effect of this modification on our previous
To see what this modification entails it is necessary to look at the Bianchi It is clear that the equations of motion of this theory obtained by the above procedure will be infinite series in the parameter cz. Since the theory is manifestly supersymmetric and anomaly free (for specific values of cl and cz) it is tempting to conclude that it is some kind of low-energy field theory approximation to superstring theory. Precisely in what sense, if at all, it arises from superstring theory is, however, far from clear. In any case, the iterative procedure outlined above provides a systematic way of obtaining an anomaly free SYM-supergravity field theory. In this connection we mention the recent attempt&l81 that have been made using the component field formalism. The superspace approach presented here is technically more efficient, but a detailed analysis is required to establish its consistency. Work in this direction is in progress.
Note added After this work was completed, L. Mezincescu brought to our attention the recent preprint of R. Kallosh and B. Nilsson (CERN-TH-4300/85) which also discusses some of the issues studied here. We first study the algebraic equations (A3) and (A6). From (A3) we find:
Using this in (A6) we get:
Contracting a with d in (A6) and using (A9) we find: ww From (A20), we see that the same is true of Rpcbd. Finally, we obtain an expression for the Ricci tensor in terms of T,bc and its fermionic derivatives. Multiplying where the superfields ?/fdp and Xf* satisfy the constraints: To solve for Habc, we multiply (C5) with rdPs to get: Hdea = -4 Tdea + h (rdea)PE Dp Xe (C11) + $ (rdea)ap tr (X*X'), while multiplying (C5) with (I'bcdea)PC and using the expression for the anticommutator of two fermionic derivatives on 4, we get, after some algebra:
Dp ii, = -rie Db 4 -g Tabc (rabc)pe (W + 2 tr (x*x7) (rabda7 (rabch.
Equations ( We have used an obvious compact notation in this equation. This expression is symmetric in a and b, thus satisfying the constraint on it, from (A32) and (A35),
identically. Also, the Ricci tensor is, therefore, symmetric.
Finally, we show that (C13) and (A26) do not determine Tab6 in terms of the other superfields. Substituting (C13) in (A26) we see that all terms involving the 560 of TabQ cancel and the resulting equation just determines the 144.
